Abstract. We investigate the asymptotic behavior, as N grows, of the largest minimal pairwise distance of N points restricted to an arbitrary compact rectifiable set embedded in Euclidean space, and we find the limit distribution of such optimal configurations. For this purpose, we compare best-packing configurations with minimal Riesz s-energy configurations and determine the s-th root asymptotic behavior (as s → ∞) of the minimal energy constants.
Preliminaries
The problem of finding a configuration of N points on the sphere with the minimal pairwise distance between the points being as large as possible is classical and is known as Tammes's problem or the hard spheres problem. When formulated for the whole Euclidean space, the analogous problem is that of finding a collection (or packing) of non-overlapping equal balls with the largest density. More information on this problem and its generalizations can be found in [2] , [4] , [7] , [19] . In the present paper we investigate the best-packing problem on certain classes of "non-smooth" sets. be the best-packing distance of N -point configurations on A, where #X denotes the cardinality of the set X. We can consider only compact infinite sets A, since quantity (1.1) is infinite for unbounded sets and is the same for a set and its closure. For the case when A is the unit sphere S 2 ⊂ R 3 , exact values of δ N (A) have been determined for 2 ≤ N ≤ 12 and N = 24 (see [2] for references). For arbitrarily large values of N , the precise determination of best-packing distances is, in general, an intractable problem. Thus we focus on their asymptotic behavior. For this purpose we introduce the following notation. Let 0 < α ≤ d and set We further put
if this limit exists. On relating these quantities to the largest sphere packing density
d ) exists and is given by 
It is known that ∆ 1 = 1, ∆ 2 = π/ √ 12 (Thue in 1892 and Fejes-Toth [6] ), and ∆ 3 = π/ √ 18 (Hales [10] ). The exact value of ∆ d for d > 3 is unknown; so far, only upper and lower estimates, which differ by an exponential factor as d → ∞, have been obtained for ∆ d (see [4] for this and other references).
Concerning the case when A = S 2 , the papers [13] , [21] prove that g ∞,2 (S 2 ) = 8π/ √ 3 1/2 . Furthermore, the results of [10] imply that for the unit sphere
1.2. Minimum energy problem. The best-packing problem can be viewed as the limiting case of the problem of minimization of the discrete Riesz s-energy as s → ∞. The setting of this latter problem is as follows: for s > 0 and a collection
The minimal discrete N -point Riesz s-energy of a set A is defined to be
. We remark that for the case when s = 1 and A = S 2 , the determination of E s (A, N ) corresponds to the famous Thomson problem for the Coulomb potential (cf. [20] ). Exact solutions to this problem are known for N = 2, 3, 4, 6, 12 and for some interesting cases in higher dimensions (see [22] , [15] , [1] For analogous asymptotic results concerning optimal quantization of measures see [9] and the references therein.
Notation and definitions.
To describe the precise rate of growth of E s (A,N ), where A may have non-integer dimension, let 0 < α ≤ d and for s > α define 
respectively. If they coincide, then the quantity 
This definition can also be stated in terms of the weak* convergence of measures.
Main results
First, we describe known results on the asymptotic behavior of the minimal s-energy on sets with dim
In [17] it is shown that
−s is the classical zeta-function. The articles [11] , [12] show that for s > d the limit C s,d exists, is finite and is positive. However, the value of C s,d is still unknown for d > 1.
The following result is proved in [12] , [3] (for curves in R d , it follows from [17] ). In this paper we get an analogue of Theorem 2.1 for best-packing configurations.
Theorem 2.1. Let s > d and d ≥ d, where d and d are integers. For every infinite compact (H
d , d)-rectifiable set A in R d with M d (A) = H d (A), the limit g s,d (A) defined in ( 1.
7) exists and is given by
(2.2) g s,d (A) = C s,d H d (A) −s/d . Moreover, if A is d-rectifiable with H d (A) > 0,
Theorem 2.2. Let d ≤ d , where d, d are integers, and
In view of relation (1.9), and the fact that any (H d , d)-rectifiable set can be approximated by its d-rectifiable subsets, we either have
For results similar to (2.3) for d = d that concern the covering radius, see [8] .
We next relate the fundamental constants C s,d and C ∞,d . 
We next show that relation (2.2) can fail for certain (H d , d )-rectifiable sets.
As an example of a rectifiable set for which (1.9) does not hold, we mention a 
There are also positive constants c 3 = c 3 (α) and c 4 = c 4 (α) such that for every 
It is known that dim
According to [14] , we have λ := dim H K = − log σ p and 0 < H λ (K) < ∞. This is a subclass of the class of self-similar sets constructed in [14] 
.
Then for sufficiently large s we have g s,α (A) < g s,α (A).
Proof of Proposition 3.1. Lower estimates. We can assume A ⊂ R d to be compact, since on unbounded sets g s,α (A) = 0 and g ∞,α (A) = ∞ and the minimal s-energy (as well as the best-packing radius) is the same for A and its closure.
Choose an arbitrary ∈ (0, 1) and let s > α. Let N be sufficiently large and {x i 1 ,N , . . . , x i N ,N } such that r i N +1 ,N ≤ δ N − N (A) . Then
since N passes through all natural numbers. Similarly,
Then, first letting s → ∞ and then → 0, we get
. 
where
. Then, using the above estimate, for s > d we get
Inequalities (3.4) and (3.6) yield relations (3.1) and Proposition 3.1 is proved.
Proof of Theorem 2.3. Using (2.1) and Proposition 3.2 we get
Proof of Theorem
Since B is a closed d-rectifiable set and
Next, let q N := # (ω N ∩ (A \ B) ). Since the boundary of A \ B relative to A also has H d -measure zero, using the same argument we can write lim sup
. This shows that (1.10) holds. To prove (2.4) we will need the following lemma. Denote 
Proof. Let k ∈ N ∪ {0} be the largest number of pairwise disjoint balls of radius ρ/2 centered at points of G \ F (cρ). We just need to show that k > γ/(µ d ρ α ). Assume the contrary. Choose points
This means that there is a point y ∈ G(ρ) \ F ((c + 1)ρ) such that |y − x i | ≥ 2ρ, i = 1, . . . , k. Also, there exists a point x k+1 ∈ G such that |y − x k+1 | < ρ. Hence, and the required inequality follows for sufficiently large s.
Proof of Proposition 2.5. We only need to prove (2.7) and (2.8) since the upper estimates in (2.5) and (2.6) will follow from (3.5) and the lower estimates in (2.7) and (2.8). Analogously, the lower estimates in (2.5) and (2.6) are obtained from the upper estimates in (2.7) and (2.8), using (3.2) or (3.3) with equal, say 1/2. We remark that (3.2), (3.3) and (3.5) hold for any infinite set A. Since we do not look for sharp constants, redefine
To show the lower estimate in ( 
